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ABSTRACT: Observations from Coastal Data Information Program (CDIP) moored buoys off the coast of Florida reveal
tidally driven wave—current interactions that modify significant wave heights by up to 25% and shift peak periods by up to
a second. A case study at Fernandina Beach, Florida, shows surface waves steepening on following tidal currents and
becoming less steep on opposing tidal currents, with the largest modulations occurring in the long-period swell band. To
better understand tidal modulations as a function of the phase of the tide, we use simplified analytical and numerical solu-
tions to the equations of geometrical optics and conservation of wave action under the assumption of a one-dimensional
tide acting as a progressive shallow-water wave. The theoretical frameworks allow us to identify parameters that character-
ize the magnitude of variation in surface waves due to tidally induced currents and changes in water depth. We compute
modulations to the omnidirectional and directional wave spectrum (between 0.05 and 0.15 Hz), as well as characteristic
bulk parameters such as significant wave height and peak period. The theory is corroborated using directional wave and
surface current observations from the Fernandina Beach CDIP station (located in water of average depth of 16 m). We
find that the numerical results reproduce the observed wave modulations due to tidal currents and changes in water depth.
Specifically, surface waves traveling in the direction of the tide are strongly modulated, and the relative speeds between the
tide and surface waves set the sign and magnitude of these modulations. Given knowledge of tidal currents, water-depth
variations, and wave climatology, theoretical and numerical predictions may be used to provide both statistical and instan-
taneous estimates of wave-height variations due to tides. Because operational forecasts and nowcasts do not routinely include
tides or currents, these findings can help to accurately represent nearshore surface wave variability.
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1. Introduction 1999; Cavaleri et al. 2007), it is only recently that multiple varie-
ties of observations and models are being integrated and com-
pared (Bdas et al. 2019). There is evidence of surface waves
interacting with currents at a broad range of spatial and temporal
scales from the submesoscale (Phillips 1984; Baschek 2005;
Romero et al. 2017, 2020; Vrecica et al. 2022) to large-scale circu-
lation (Holthuijsen and Tolman 1991; Ardhuin et al. 2017,
Barnes and Rautenbach 2020). A recent study has shown that
wave modulation by currents accounts for more than 75% of the
spatial variability of wave heights at scales of 100 km or shorter
in wave models; a significant portion of the variability in signifi-

Understanding the tidal influence on surface waves is impor-
tant for maritime safety and navigation, coastal management
and adaptation strategies, sediment transport, air-sea fluxes, ac-
curate wave predictions for surf and hazard forecasts, and inter-
pretation of measurements of the ocean surface. Some of the
earliest theoretical work on wave—current interaction was moti-
vated by the influence of tides; Bristol Channel pilots saw the
roughest seas at the end of the flood tide (Unna 1942), and the
interaction of waves and tidal currents off the coast of Cornwall,
England, was considered in an early study by Barber (1949).

The tidal influence on coastal wave climates has been reported
in numerous studies. For example, in shallow continental
shelves, wave-height modulations of up to 20%-50% have been
attributed to tidal currents (Tolman 1990; Wang and Sheng
2018; Lewis et al. 2019).

When waves interact with currents, their amplitudes and
phase may be modulated, which can lead to strong steepness
modulations (Rascle and Ardhuin 2013) and in some cases en-
hanced wave breaking (Romero et al. 2017; Vreéica et al.
2022). Although the study of wave—current interaction is well
developed (Longuet-Higgins and Stewart 1960; Phillips 1966;
Bretherton and Garrett 1968; Peregrine 1976; Wolf and Prandle
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cant wave height is due to refraction over current gradients
(Ardhuin et al. 2017). Additionally, many open questions still re-
main about the two-way coupling between waves and currents
(Biihler and Jacobson 2001; Biihler and McIntyre 2005; Pizzo
and Salmon 2021). Wave models require high-resolution cur-
rent fields to fully resolve wave-height gradients due to currents
(Marechal and Ardhuin 2021). Without currents, models may
not accurately predict spectral peaks, swell arrival times, spatial
gradients, and energy of waves.

The interaction of waves and currents typically is examined
in the framework of conservation of wave action (Longuet-
Higgins and Stewart 1960; Bretherton and Garrett 1968) and
geometrical optics (e.g., Peregrine 1976). Wave action, or the
wave energy divided by its intrinsic frequency, is the conserved
quantity in this system, as the waves and currents may freely
exchange momentum and energy. Geometrical optics con-
strains kinematic properties of the wave field, such as the Dopp-
ler shift of the wave frequency due to currents and the resulting
implications on wave refraction. A canonical textbook example
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considers a uniform wave field on a steady but spatially nonuni-
form opposing current, which leads to wave steepening on
opposing currents (Phillips 1966; Mei 1992).

Tidal environments, however, are neither steady nor homoge-
neous in space or time. Tides propagate as shallow-water waves
around ocean basins, generating associated currents and changes
in water level that we see at the shore. The relatively higher-
frequency surface gravity waves propagate in this inhomoge-
neous and unsteady medium, requiring more complex numerical
wave models (Tolman 1991; Booij et al. 1999). The unsteadiness
of the tides leads to modulations to the wave field that contradict
our intuition based on waves interacting with steady currents. In
particular, several studies have presented observations of wave
heights increasing on following tidal currents (Gemmrich and
Garrett 2012; Wang and Sheng 2018), contrasting the behavior
seen for steady currents. Observations of the relative phase
between the tidal currents and minima and maxima of the wave
energy (i.e., the significant wave height) have been hypothesized
to be due to refraction, wave dissipation (Davidson et al. 2008),
relative wind (Ardhuin et al. 2012), or water-depth effects. Here
we seek a simple understanding for how changes in currents and
water depths due to tides impact wave frequencies and ampli-
tudes of an incoming spectrum of waves.

In this study, we present observations of tidally driven wave—
current interaction. Wave measurements at a moored buoy at
Fernandina Beach, Florida, show strong semidiurnal variability,
modifying significant wave heights and peak periods up to 25%
over a tidal cycle. The period of modulation (12.42 h) suggests
influence from currents and water-depth variations associated
with the semidiurnal tide. In particular, these observations also
show that waves increase in steepness on following currents.
We demonstrate how the observed modulations can be described
in a theoretical framework in which we model the tide as a linear
shallow-water surface gravity wave so the wave-tide interaction
may be written as a long wave-short wave interaction (Longuet-
Higgins and Stewart 1962). In section 2, we describe the observa-
tions from the Coastal Data Information Program (CDIP)
Fernandina Beach station; in section 3, we describe the two
approaches used to explain the observed phenomena. Next, in
section 4, we compare the models with the observations, and in
sections 5 and 6 we summarize the results and implications.

2. Data

CDIP at the Scripps Institution of Oceanography operates a
network of moored Datawell Waverider directional wave buoys
to monitor wave conditions in coastal regions of the Atlantic
and Pacific Oceans. CDIP’s operational buoy network has been
used to assist coastal management and hazards mitigation, sup-
port maritime operations, and inform numerous scientific pro-
grams (e.g., Hanson et al. 2009; O’Reilly et al. 1996; Merrifield
et al. 2021). Accelerometers measure the vertical and horizontal
acceleration of the buoy at 2.56 Hz. Statistical wave parameters,
wave energy spectra, and the first four directional moments are
computed every half hour using 17 overlapping 200-s windows
(50% overlap; Hann window) of the raw displacements. This
provides spectral resolution from 0.04 to 1 Hz. The half-hourly
wave data are transmitted from the buoys via Iridium satellite
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and are publicly available online (cdip.ucsd.edu). Directional
spectra are estimated via the maximum entropy method
(MEM,; Kuik et al. 1988).

This study examines wave observations from the CDIP buoy
station 132 (CDIP132), located offshore of Fernandina Beach in
16-m water depth, shown in Fig. 1. In September of 2020,
CDIP132 was redeployed with a Datawell Waverider 4 (DWR4;
Datawell B.V. 2021) equipped with an acoustic current meter to
provide direct observations of surface currents. In the hull of
DWR4, three acoustic transducers with 2-MHz acoustic fre-
quency measure the current velocity between 0.5 and 1.75 m
from the surface. CDIP132 surface currents throughout the
first year of deployment (1 August 2020-1 August 2021) are
on average 0.23 m s~ '. Surface currents are tidally domi-
nated (see harmonic analysis in Table 1 for dominant tidal
constituents), in agreement with the climatology observed in a
2006/07 U.S. Army Corps of Engineers study (McArthur and
Parsons 2009).

The wave climate off the east coast of Florida is dominated
by seasonal local swells from nor’easters and hurricanes and
trade winds. At CDIP132 from 1 August 2020 to 1 August 2021,
the dominant wave direction is from the east (105°) with 8.8-s
average peak periods and 0.93 m average significant wave
heights, but wave heights have been measured up to 3.3 m during
extreme events. Onshore southeast diurnal winds that peak in
the afternoon with average maximum wind speeds up to 6 m s~
are not coherent with wave parameters. Figure 1 shows an over-
view of observations from CDIP132, collected over 4 days in Au-
gust of 2020. Clear semidiurnal signals are apparent in the
spectral and bulk parameters (Figs. 1c-e). Spectral analysis of one
year of concurrent bulk wave and current and water-level data
was performed by taking the fast Fourier transform of the de-
meaned and detrended time series over 60-day half-overlapping
segments. Spectra of surface currents (Fig. 2f) and water levels
(Fig. 2g) show strong peaks at the principal lunar constituent M2,
consistent with the dominant constituents of the observed cur-
rents and wave variations, shown in Table 1. Frequency spectral
analysis on the swell significant wave height H,g.en (Fig. 2c),
defined as the significant wave height H = 4VE (where E is
the surface elevation variance) in the frequency range of
0.05 to 0.18 Hz, shows that the primary period of oscillation
is 12.42 h, the M2 semidiurnal period, suggesting that the
wave variations are due to a tidally driven process. The
swell peak period T}, swen and swell directional spread ogyen
also have primary dominant peaks at the M2 tidal frequency
(not shown). Tidal variations in significant wave height, peak
period, and directional spread have dominant periods at the
M2 tidal frequency (Table 1). Nearly 90% of the tidal variabil-
ity in the significant wave height can be attributed to the M2
tide. Because of the well-documented tidal currents, fixed
wave direction, and strong observed modulations, this location
was well suited for a case study of wave-tide interaction.

Tidal currents and water levels are measured at the nearby
NOAA Tides and Currents Station 8720030 in the Fernandina
Beach port on the Amelia River, available at tidesandcurrents.
noaa.gov. Barotropic tidal currents and water levels are predicted
at the buoy location using the data-assimilated global tidal model
TPXO 9 and Tide Model Driver 2.5 (Egbert and Erofeeva 2002;
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FIG. 1. (a),(b) Location and measurements from the CDIP Datawell Waverider directional wave buoy CDIP132 used to develop and cor-
roborate the model: a 10-day sample of wave measurements including (c) spectra, (d) peak period, (e) significant wave height, (f) surface
currents projected onto the peak wave direction, and (g) change in water depth from a tidal model and measured at a nearby NOAA tide
gauge. The tidal current ellipse is shown inlaid in (a) with the Earth coordinates axes (x', y') and current coordinates axes (x, y) labeled.
Gray boxes are shaded every 6.2 h to highlight the change in wave parameters in terms of the phase of the tide.

Erofeeva et al. 2020). Dominant constituents given by the tide
model for the buoy location and corresponding percent variance
of the observed currents and wave variations explained by each
constituent are shown in Table 1. At CDIP132, the M2 tidal

TABLE 1. First five dominant tidal constituents (M2, N2, S2, K1,
and O1) for Fernandina Beach (30°42'33.1”N, 81°17’31.2”W) from
the global tidal model TPXO 9 and Tide Model Driver 2.5 (Egbert
and Erofeeva 2002; Erofeeva et al. 2020). The corresponding
periods (h) for these five constituents are 12.42, 12.66, 12.00, 23.93,
and 25.82, respectively. The corresponding amplitudes (m) are 0.85,
0.19, 0.14, 0.11, and 0.07, respectively. For each constituent, the
percent variance was calculated over two years via a least squares
fit for each of the observed variables. The observed variables
include surface currents uqps and vy, and the changes in swell
significant wave height AH,gyen, swell peak period AT, gen, and
swell directional spread Aogyen. A 2-day, high-pass filter was applied
to each observed variable. The total percent variance is calculated
from the fit to all five dominant tidal constituents.

Percent variance (modeled/observed; %)

Obs variable M2 N2 S2 K1 O1 Total
Uops (ms™ 1) 63.07 3.17 2.48 0.78 0.26 69.88
Uobs (M 5~ 1) 56.09 3.36 2.08 0.89 0.39 62.96
AH, gyen (%) 13.00 0.80 0.32 0.21 0.15 14.50
AT, swen (%) 6.26 0.44 0.30 0.18 0.18 7.38
Aoswen (%) 4.52 0.54 0.39 0.53 0.17 6.17

component of the observed surface currents shows strong
agreement with the tide model (Fig. 2a). In the continental shelf
region of the mid-Atlantic Bight, the tides and modulations to
the waves are dominated by the M2 tidal component, shown in
Fig. 2, which allows us to approximate the tide with a single
tidal frequency. Nearly 70% of the variance in the observed sur-
face currents is tidal, and the majority of that is attributed to the
M2 constituent (Table 1). Additionally, currents flow predomi-
nantly in the north-northwest and south—southeast direction, as
shown in Fig. 1a. The current ellipse is oriented along 135°, or
45° to the shore, with a semimajor axis of 0.28 m s~ and a semi-
minor axis of 0.04 m s~ '. The aspect ratio of the ellipse implies
that we may approximate the tide as unidirectional.

Observations of waves, surface currents, and water levels
contextualize the modulations in the wave spectra. We observe
significant wave height and peak frequency increasing on the
following current and decreasing on the opposing current.
Modulations occur near the swell peak of the spectra. Varia-
tions observed in the bulk parameters range from 10% to 30%
(Table 2).

Directional spectra are estimated using MEM from the first
four spectral moments recorded by the wave buoy. Figure 3
shows an example of directional spectra observed during a
peak following current and then 6 h later at the subsequent
peak opposing current. Consistent with the variations in the
bulk parameters, we observe that the peak of the spectra is at
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FIG. 2. Spectral analysis of (a) observed and modeled surface
currents, (b) observed and modeled water levels, and (c) observed
swell significant wave height H, . Vertical lines highlight domi-
nant tidal constituents defined in Table 1. Note the high energy in
the semidiurnal bands, particularly at the M2 frequency.

a higher frequency in the following current, and the spectra has
higher energy overall. In addition, a slight focusing is observed.
This is manifested in a shift of the peak period toward the
direction of the following current. We also observe an overall
narrowing or focusing of the spectra, corresponding to a shift
in the direction spreading of around 7°.

3. Simplified theories for wave-tide interaction

Solutions for the change in wavenumber and frequency are
found for two theories that treat the tide as a propagating
shallow-water wave. The tidal wave generates the change in
mean water depth and currents experienced by the surface

TABLE 2. Change in swell significant wave height AH, syen,
change in swell peak period AT, i, and change in swell
directional spread Aogwen at the Fernandina Beach station
CDIP132 from 1 Aug 2020 to 1 Aug 2021. Shown are the
median and the 95th percentile of the percent change in the
wave parameters.
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Median 95th percentile
AI—Is,swell 12% 25%
ATp,swell 11% 28%
Ao'swell 9% 22%
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FIG. 3. Estimated directional spectra observed during (a) follow-
ing currents (U = 032 m s ') and (b) opposing currents
(U= —025ms") on 2130 18 Aug 2020— and 0330 19 Aug 2020—,
respectively. Spectra are reoriented so that 0° points in the direction
of the current ellipse (along x axis in Fig. 1a). In this example, the
wave spectra were rotated to be aligned with the current ellipse
along 135°. The red cross marks the peak of the spectra. The spec-
trum in following currents is more energetic, narrower, and shifted to
higher frequencies than the spectrum in opposing currents.

gravity waves. The unsteadiness of the tide leads to results
that may differ significantly from those formulated based on
the condition that the currents, or changes in water depth,
only vary in either space or time. Supplementing traditional
wave modeling (e.g., Tolman 1990), we draw on the field of
internal-wave and surface wave interaction (e.g., Gargettt and
Hughes 1972; Lenain and Pizzo 2021) and long wave-short
wave interaction (e.g., Longuet-Higgins and Stewart 1960), to
develop simplified models of wave-tide interaction.

Sections 3a and 3b describe these methods. The first theory
uses solutions to geometrical optics and wave-action conservation
with modulations driven by tidally varying currents and depth
changes. The second theory, which is analytically and numerically
simpler, is based on long wave-short wave interactions in a refer-
ence frame moving with the tide. Both cases consider irrota-
tional, inviscid water waves in finite depth on a spatially and
temporally evolving current and depth. The current and depth
changes are related to each other, as they are taken to be tidally
driven, and here we approximate the tide as a monochromatic
shallow-water wave. Additionally, we assume that the incoming
waves have constant action over the duration of consider-
ation. That is, although the tides vary in time, we assume
that the wave action is statistically steady. The goal is to
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model the evolution of the wave spectrum given an initial
spectral distribution, tidal current, and tidal amplitude.

a. Governing equations

Consider unidirectional linear surface gravity waves with
vector wavenumber k, absolute frequency w, energy E, and di-
rection 0 relative to the x axis. These parameters are assumed
to be slowly varying in space and time relative to the scales of
the waves themselves. Following Mei et al. (2005), for a peri-
odic plane wave solution with surface height n = ae’® + c.c.
(where c.c. means complex conjugate) and amplitude a and
phase O(x, y, ) = k - x — ot, the absolute frequency » and
wavenumber k = (k, ¢) for x = (x, y) are related to the
phase by

w= —% and k= V0. 1)

When combined, these equations yield the conservation of wave
crests equation
ok

E+Vm=0. ?2)

The group velocity of wave energy is defined as

el
=_—. 3
% = ok 3)
For waves on a weak current, the dispersion relation is modified
to account for the change in background current velocity
U = (U, V). The propagation velocity of the wave energy is then

¢, =¢, + U, 4)

and the absolute (or total) frequency as observed by a station-
ary observer is

w=0+k-U, %)

where o, the relative (or intrinsic) frequency, follows the disper-
sion relation for surface gravity waves,

o = Vglk| tanh([k|h), (6)

where g is the acceleration due to gravity, 4 is the water depth,
and k| = Vk2 + /2. The relative frequency o is defined explic-
itly as a function of k(x, ¢) and A(x, t), so we can substitute Eq.
(5) into Eq. (2) and expand each derivative to get the full equa-
tions for the change in wave parameters following Bretherton and
Garrett (1968),

ok do oh U
+ + . = — — k-

o (cg U) - Vk T k o~ and 7)
dw do oh oU
—+(,+U)Vo=——+k —.

Jat (cg U) Vo oh ot k Jat (8)

Wave energy propagation is governed by the conservation of
wave action. Wave action is defined as the ratio between
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wave energy and the intrinsic frequency A = E/o. The wave-
action conservation equation is
%+V-[(U+c)A]:S. )
ot 8
Here S represents the source terms in the wave-action balance,
typically equal to § = Sy, + Sgiss T Sui, the sum of the wind in-
put, dissipation, and nonlinear wave-wave interactions, re-
spectively. We set S = 0 to examine only the dynamics of
wave propagation under currents and depth variations inde-
pendent of any forcing.

b. 1D numerical solutions for waves propagating on a
tide: Tolman’s model

To gain intuition for our system, we start by examining one-
dimensional solutions to the equations of geometrical optics
and conservation of wave action under the assumption of a
one-dimensional tide. In one dimension, with x aligned with k,
Egs. (7)—(9) reduce to

ok ok acoh . aU
Ko vy oo oY 1
o TG TN T Ko (10)
dw dw do oh oU
9 e vyl =000 Y 11
a TG T U T TR (1)
and
A 9
9 L U+ c)A] = 12
AL 21w+ egal =, (12)

where ¢, and U are the group velocity and current in the £ di-
rection. The group velocity is given by

C_BO'
s ok

- % |k tanh(ka |,

(13)

and the propagation velocity of the wave energy along the
axis x is given by

¢, =c, + U (14)
Following the approach of Tolman (1990) and Vincent (1979),
we seek periodic solutions for the advection of surface gravity
waves by the tidal wave. We consider the tide to be a one-
dimensional monochromatic progressive shallow-water wave
of constant frequency ® and wavenumber K, with correspond-
ing currents U and depth variations /4 as a function of the tidal
phase y defined as

Ulx,1) = A, sin[x(x,1)], (15)
h(x,0) = h + A, sin[x(x,1) + o], (16)

and
x(x, 1) = Kx — &, 17)
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where A, and A, are the current and depth amplitude, respec-
tively, and 7 is the mean water depth. The term ¢ allows for a
phase shift between water-level variation and currents as ob-
served in many coastal tidal environments with mixed progres-
sive and standing wave tides (Pugh 1987). The tidal propagation
velocity is defined as the phase speed for shallow-water waves,

¢, = P/K

The shallow-water approximation holds for the tide so long as
the tidal wavelength is much greater than the water depth, as
is the case at Fernandina Beach in 16 m average water depth. We
rewrite the governing Eqs. (10)—(12) as functions of x. The coor-
dinates (x, ) must be changed to the tidal phase y = Kx — 1,
where the derivatives become

(18)

(19)

We can now rewrite Egs. (10)-(12) in terms of yx to arrive at
final expressions for the rate of change of wave parameters:

ok 1 do
—=—|—A + @) + kA 20
aX ct _ (cg + U) [ah h COS(X (P) u COSX ’ ( )
Jw ¢, do
—=—"t | —A + @) + kA 21
ix th(CngU)[ah »cos(x + @) Lcosx|, (21
and
aA 1 dc
—=A——[£+4 . 22
ax P (e U)(ax “ COSX) 22)

From these equations, we identify the generalized behavior
of the modulations in wavenumber, frequency, and wave ac-
tion. The common term in the denominators, which we will
call ¢,

c,=c¢ — (cg + U), (23)
determines the magnitude and sign of the modulations set by
Egs. (20)—~(22). In particular, when |c+| is small, the modulations
to the surface waves are large. This occurs when the tidal wave
and the surface waves have similar speeds, ¢, =~ ¢, + U = |c,,].
For the progressive shallow-water tide, modulations in surface

wave parameters are most amplified at low frequencies because
their propagation velocities c,, approach the tide’s shallow-

water phase (and group) speed +/gh. The c- term in the de-
nominator of each equation can also change sign if ¢, is either
larger or smaller than the wave-action propagation velocity.
To compare the relative contributions due to depth varia-
tions or currents, we can compare the coefficients in front of

each phase-dependent term associated with changes in depth
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or changes in currents in Egs. (20) and (21). When the nondi-
mensional term

kA

— u
Y= Jo (24)

—A
oh "t

is greater than or less than 1, currents or depth changes, re-
spectively, dominate the modulation in wavenumber. The
phase difference due to ¢ in Egs. (20) and (21) can also alter
the relative influence of depths and currents as well as the to-
tal magnitude of modulations. For example, current and
depth variations are out of phase (¢ = ); then, when y ~ 1,
the depth modulations and current modulations can effec-
tively cancel out. When ¢ = 0, the two contributions to wave
modulations will constructively add. However, other values of
¢ can lead to peaks in wavenumber or wave energy modula-
tion that are not in phase with either the depth variations or
the currents. Typical values for ¢+ and y will be evaluated at
Fernandina Beach in section 3d.

In summary, we identify a phase space that governs the var-
iations in wave parameters due to tides. This space includes
not just the magnitude of currents and depth variations, A,
and Ay, but also wavenumber k, energy E, mean depth h,
phase ¢, and tide phase speed c,. Full solutions can be found
to this system of equations by solving them numerically using
an explicit Runge—Kutta method with variable time steps
given initial conditions kg = k(x = 0), wp = o(xy = 0),
Ap = A(x = 0) (Shampine and Reichelt 1997). This approach
allows us to derive simplified governing equations for surface
wave modulation due to tidally driven currents and depth var-
iations, further quantifying the importance of different forcing
parameters, including current magnitude, water depth, and
tide phase speed. However, this approach is limited by its
computational complexity, which, while relatively simple, be-
comes apparent when generalizing the system to two dimen-
sions. The next section presents an alternative approach that
allows us to model two-dimensional effects with less computa-
tional complexity. We adopt a convenient perspective often
applied to understanding the interaction between internal
waves and surface waves by working in a reference frame
moving with the tide (Longuet-Higgins and Stewart 1960).
This method is described in the next section.

¢. Long wave-short wave solutions for tides and surface
gravity waves

In the fixed reference frame of the buoy, absolute frequency
is not conserved as currents U and water depth & vary with
time. However, following Phillips (1966), we can work in a
frame of reference moving with the tidal wave at phase speed
¢;- As U and h only vary with the phase of the tide, the absolute
frequency in this reference frame has no explicit dependence on
time,

do

Zi-o. (25)

The absolute frequency in this frame of reference w,, is modi-
fied from Eq. (5) for the fixed frame and is given by
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w,=0+k-(U-c). (26)

The conservation of absolute frequency [Eq. (25)] then implies
that

o, + |kyl(—c,) cos 6, = o + [k|(U — c,) cos 6. (27)
Subscript 0 denotes an initial condition where tidal currents
are negligible. The angle 6 is the angle between the waves
and the x axis, which we choose to be aligned with the cur-
rent. The refraction of the waves is determined by the fact
that the wavenumber is the gradient of a scalar (i.e., the
phase), so that its curl is zero. This result, known as Snell’s
law, implies that in the absence of transverse currents, we
have

k| sin 6, = [k| sin 6. (28)
With some manipulation, Snell’s law tells us that if the magni-
tude of the wavenumber varies, so too will variations in 6. We
can illustrate this from Eq. (28) with a few assumptions: ignor-
ing the variation in the horizontal component, we make a
small perturbation expansion for variations in k and 6, where
k ~ ko + Ak and 6 =~ 6, + A6. Then by small-angle and first-
order approximation, Eq. (28) becomes

Ak Af
k, tan 6,

(29)

In the one-dimensional approximation, we assume that the
waves and currents are aligned and there is no refraction. We
are able to find solutions for the modulated wavenumber |k| to
Eq. (27) through the relation

JJelkol tanh(kylhg) + ol(—c,) = YTkl tanh(i]a)

+ k(U — c). (30)

In two dimensions, we find 6 by substituting [k| = [k| sin 6y/sin 6
into Eq. (27) and solving the following equation for 6:

sin 6, sin 6,
o, — |kgylc, cos 6, = \/g|k0| pem— tanh(|k0| pemn h
e 5% (1 ) cosh (1)
- C, .
0" sin @ !

The wavenumber is then found by solving Eq. (27) for |K|.
Solutions for both 6 and |k| are found numerically using the
Newton—Raphson method.

The wave-action equation for a single wavenumber given in
Eq. (9) is extended to include a full spectrum of surface waves
with a variable wavenumber k = k, in the direction of the current
x (e.g., Fig. 1a) and constant in the off-axis y, £ = ¢, = k, following
Hughes (1978) for Adkd(, over a narrow band of k, ¢ space,

—+(, +U)=—==0.
(c}g U) P 0 (32)

Jt
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In the tide reference frame where wave parameters are time
independent, we find that

Ak, (y)dkdt, = A, (k. ¢,)dkde,

= Ao(ko,éo)% dk,dl, - (33)
ok,

The behavior of the Jacobian dk/dky is found following Hughes

(1978). We differentiate Eq. (2) with respect to kg in the refer-

ence frame moving with the tidal wave, using the definition for

o as o, in Eq. (26), to find the Jacobian

ok
(cg + U — ct)% = Cpo ~ (34)

In summary, the shifted energy is calculated as

o Coo ~ €

Ek ty)dkdty = Eyfkob) o0 o=

dk, dt,. (35

The above expression relates an initial vector-wavenumber
spectrum to the final vector-wavenumber spectrum modu-
lated by a tidal wave with phase speed ¢, and induced current
U. The final step is to relate the vector-wavenumber spectrum
E(k, ¢) to the observed absolute frequency spectrum E(w, 6)
measured by a moored, stationary wave buoy. This step is de-
tailed in the appendix.

In summary, this approach allows us to reduce this problem
to a series of simple algebraic equations that are easily solved
and replicate the numerical model for solutions to the coupled
ODE:s in the previous section. See also the related discussion
in Gargettt and Hughes (1972) and Lenain and Pizzo (2021).
The next section uses the two approaches to model the theo-
retical response of a wave spectra to tidal currents and depths
for the Fernandina Beach environment.

d. Model predictions

The two simplified models lead to equivalent results, and
each has advantages in modeling and interpreting wave-tide
interaction. To gain intuition about the predictions of the mod-
els, we force them with conditions that replicate the Fernan-
dina Beach environment (4, = 025 m s, A, = 1 m,
and & = 16 m). We illustrate in Fig. 4 the response of a one-
dimensional JONSWAP wave spectrum under the influence of
currents and depth variations induced by tides as found by solu-
tions to Egs. (31), (27), and (35) in one dimension; that is,
0 = 0. The simulated spectrum has a peak at 10 s. We show two
cases, one in which the phase speed of the tide is zero, ¢, = 0
(Fig. 4a), and one in which the phase speed of the tide is the
gh (Fig. 4b). In the first case,

we see that a following current shifts the spectra to lower energy
and an opposing current shifts the spectra to higher energy

shallow-water phase speed, ¢, =

However, when ¢, = gh, the model predicts variations more
similar to those observed at Fernandina Beach. A following cur-
rent will shift the spectra to higher energy and frequency, and
vice versa for the opposing case. The relationship with a change
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FIG. 4. Given an incident wave spectrum (gray), we show the resulting shift due to a change in current (solid) or a
change in water level (dashed) as predicted by the model given by Egs. (31), (27), and (35). We show the shift corre-
sponding to a following and opposing current (blue and red solid lines, respectively) and an increase or decrease in water
level (blue and red dashed lines, respectively) for the two separate circumstances in which the tidal propagation velocity
parameter ¢, is equal to (b) the shallow water wave phase speed or (a) zero. Note the change in sign of the spectral devia-

tions from (a) to (b) in response to the same forcing.

in water depth is similar, where an increase in water-level shifts
the spectra lower when ¢; = 0 and higher when ¢, = \/giﬁ .
Tolman’s model highlights the importance of the sign of
¢, — (¢ + A,) in modulating the maxima and minima of the sig-
nificant wave height and peak period. The terms in Egs. (23) and
(24) from the model analysis in section 3b allow us to identify the
size and sign of variations expected at Fernandina Beach and in-
terpret the modeled spectra in Fig. 4. As before, we use variables
that replicate conditions at Fernandina Beach (4, = 025 ms™ !,
Aj, = 1m,and i = 16 m). The group velocity c, is found by esti-
mating the wavenumber for a 10-s peak period using the disper-
sion relation in Eq. (6). We also assume that the tide acts as a
progressive shallow-water wave, ¢, = \/gl_; . Under these condi-
tions, ¢« = 3.27. The positive value of ¢ indicates that the wave-
number variations will be in phase with the oscillation of currents
or depth, that is, as currents increase and become positive, the
change in wavenumber will increase. Similarly, as currents de-
crease and become negative, the change in wavenumber will
decrease. In comparison, when ¢, = 0 for these exact same
conditions, c- is negative and much larger in magnitude, with
¢ = —9.25. The change in the sign of ¢« is consistent with the
difference between the simulated spectra in Fig. 4, where the
responses between the two conditions are of opposite sign.

The smaller magnitude of ¢+ when ¢, = \/g—ﬁ also indicates that
the modulation in the surface waves will be large, which is
clear in Fig. 4 as the shift in the wave spectra is nearly 3 times
as large as for the case in which ¢, = 0. From this analysis, we
also conclude that currents and water-depth modulations are
approximately balanced at the 10-s peak, with current changes
slightly dominating the modulation, as y ~ 1.17. In compari-
son, for slightly lower frequencies at 12 s, depth variations
dominate the modulation as y ~ 0.96, and, for slightly higher

frequencies at 8 s, current variations dominate the modulation
as y = 1.76.

The model developed using a long wave—short wave approx-
imation described in section 3c allows us to gain intuition be-
hind the individual physical mechanisms at play with minimal
computational complexity. The case of internal wave—surface
wave interaction, when the phase speed of the internal wave is
typically less than that of the surface waves, can be repre-
sented by the example with ¢, << 1. With tides, the phase speed

c, =+ gh is typically larger than that of the surface waves, which

is why in wave-tide interactions, the response of the surface
waves to currents can be opposite.

The key to interpreting the change in sign of the modulations
is noting the different speeds of the long wave in question. Most
surface waves—including long-period swell—propagate slower
than the phase speed of the tide, which here we take to be a
shallow-water wave. In the reference frame moving with the long
wave, the slower surface waves now appear to propagate back-
ward. In this reference frame, what was previously surface waves
propagating in the same direction as the current, now the surface
waves oppose the direction of the current. The frequency and
steepness thus increase. Returning to the fixed frame, this shift is
maintained, yet the definition of following/opposing current
switches again, and we observe surface waves steepening on fol-
lowing currents.

If the tides and waves are not aligned, the apparent tide
phase speed is smaller than the shallow-water phase velocity
by a factor that is the cosine of the angle between the waves
and the tide, and the response of the surface waves can dif-
fer and be more complicated. This might explain why the lit-
erature contains observations with various phases between
the maximum wave amplitudes and the maximum tidally in-
duced currents (e.g., Barber 1949; Tolman 1988; Masson
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1996; Davidson et al. 2008; Gemmrich and Garrett 2012;
Guillou 2017; Wang and Sheng 2018).

The two-dimensional model that simulates directional fre-
quency spectra implies that not only does the frequency and
energy increase on the following current, there is also direc-
tional focusing toward the direction of tidal wave propagation,
similar to that observed at Fernandina Beach. Conversely,
an opposing current increases directional spreading for a
given incident wave away from the direction of the long-
wave propagation. This can impact both the directional
spread and the location of the peak of the directional spec-
trum in the cases where the peak is off axis of the current
vector.

Simulations of modeled spectra also show the sensitivity to
the value of ¢, when ¢, approaches c,,, as described in section 3b.
The methods fail when there are no solutions to Eq. (27), which
occurs when the short-wave propagation velocity nears the tidal
phase speed, ie., ¢; = ¢, = ¢; + U, such that waves cannot
travel upstream. Classically, this is known as the blocking fre-
quency (Phillips 1966; Gargettt and Hughes 1972). In the ocean,
a combination of breaking and reflection likely occur (Chawla
and Kirby 2002; Ardhuin et al. 2010, 2012), but these effects are
not incorporated into this simplified model. In general, ¢, be-
comes an important parameter to describe the sign of the wave
modulations with respect to the currents. Even when ¢, does not
equal c,,, small variations in the value of ¢, can alter the magni-
tude of variation in the surface waves.

4. Comparison with observations

We use the methods developed in section 3 to model the
tidal variations observed in the wave measurements from the
Fernandina Beach CDIP station. Equations (27) and (31) are
solved algebraically to estimate the change in wavenumbers
and then used in Eq. (35) to find the modulated directional
spectrum E(k, ¢). The initial condition Ey(ko, £o) is taken
from the observed directional absolute frequency spectrum
Eo(wp, 6p) when the current magnitude is zero to represent an
“unmodulated” spectrum. The observed directional spectra are
averaged over 90 min to reduce noise. The initial condition is
converted to vector wavenumber spectra, and the result from
the model is converted back to absolute frequency spectra via
Eq. (A3). Because the mid-Atlantic Bight and study region are
dominated by semidiurnal tides (Table 1), we are able to ap-
proximate the tide with a single constituent. We use periodic M2
tidal fits to the observed water depth and surface currents to
force the simulation. This model can be run at any time step
with any frequency resolution, so we chose to simulate the mod-
ulated spectra at the same intervals of the observations to facili-
tate the comparison. However, higher resolutions are easily
achieved with minimal added computational costs.

We present a comparison of the modeled wave spectra over
1 day beginning at 0900 UTC 20 August 2020 in Figs. 5 and 6.
Time is expressed as a function of the tidal phase x, where 2
covers 12.42 h. This subsection of the observations was chosen
for this example because the incident swell was relatively
constant during this time period, isolating the impact of the
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FIG. 5. Wave spectrogram observed over (a) 1 day, and (b) repro-
duced wave spectrogram from the numerical model of the omnidi-
rectional spectra developed using observations to set the initial con-
dition and forcing terms (currents and depth variations). The
modeled spectrogram mimic the increase and decrease in frequency
of the observed swell band. The model tends to overestimate the
variation in lower frequencies.

tidal variations. We discuss the implications of a varying back-
ground wave field later in this section.

The model captures the variations in the wave spectra and the
bulk parameters due to the tides. The omnidirectional spectrum
shown in Fig. 5 is calculated from the modeled directional spec-
trum by integrating over all directions. The modeled energetic
swell band in Fig. 5 is shifted upward and amplified at 77/2 and is
shifted downward later at 3/2, similar to the observed spectro-
gram. The one-dimensional spectra at the minima and maxima
of the current variations are shown in Fig. 6a. Both the modeled
and observed spectra shift downward in energy and frequency
during the opposing current and shift higher during the following
current. The observed peak shifted from 0.119 Hz (0.409 m” s~ ')
to 0.109 Hz (0271 m? sfl), and the modeled peaks shifted from
0.121 Hz (0404 m? s™') to 0.107 Hz (0294 m* s~ '). Potential
causes for the overestimation of modulation at lower frequencies,
also visible in Fig. 5, are discussed in section 5.

Model deviations from the observed spectra can also occur
when nonlocal or wind-driven energy influences the wave
spectra. We chose to model f < 0.2 Hz in part because this
band of the surface wave spectrum is most strongly modulated
by the tides and to avoid the shorter time-scale variability in
wind forcing as seen around 14 in Fig. 5. Here the observed
high-frequency waves (f > 0.1 Hz) become more energetic
due to changing wind conditions that are not accounted for in
this wave—tide numerical model that does not include source/
sink terms. Likewise, a decrease in significant wave height
over 27 in Fig. 6 is unaccounted for as the presented tidal
model does not account for dispersion or decrease in energy
from long-period remote swell. When we do not update the
background energy after initiating the model, the model be-
gins to decorrelate from the observations after about 4
(about 1 day), which is the approximate time scale of varia-
tions for wind events and modulations in direction and magni-
tude of the remotely forced swell.

Figure 6 shows the change in significant wave height and
peak period at Fernandina Beach and how the model predicts
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FIG. 6. Observations are used as an initial condition to estimate (d) the resulting shift of the directional spectrum under
tidal currents (blue) and water-level variations (black). (a) The omnidirectional spectrum resulting from following current
(black) and opposing current (green) for both the observations and the model. The initial condition for this run is shown
in gray. Also shown are the bulk parameters (0.05 < f < 0.18 Hz) for both the model and observations including
(b) peak frequency and (c) significant wave height. The shaded region corresponds to varying the magnitude of the maxi-

mum current speed and depth changes by up to 50%.

similar variations in bulk parameters when current and depth
conditions match observations. The shaded region indicates
variations due to errors up to 50% of the total current or
depth variation magnitudes. From a following to opposing
current, the model significant wave height varies from 0.52 to
0.46 m (12% decrease), and the observed significant wave
height varies from 0.51 to 0.44 m (13% decrease). This model
peak period varies from 8.2 to 9.3 s (13% increase) and the
observed peak period varies from 8.4 to 9.1 s (9% increase).
The timing of the minima and maxima of the bulk parameters
shown are not coincident with the minima and maxima of the
surface currents, indicating the modulations due to water level
contribute to the change in bulk parameters, as estimated by
v. We still predict that the following current coincides with an
increase in significant wave height and decrease in peak period,
as observed in the measurements. There is a lag in the modeled
peak period with respect to the observations, which can be asso-
ciated with the overestimation of low frequencies or unresolved
physical processes, discussed in section 5. Nevertheless, the
bulk-scale agreement between the relatively simple model and
the observations is encouraging. For this time range, the model
predicts a percent change equivalent to that observed and
within observed median values for the observations at CDIP132
(Table 2).

Directional effects are also modeled and compared with ob-
servations of directional spectra, which indicate that a slight
focusing and a shift in peak direction occur. Observations of
shifts in the mean directional spread in the swell band of up to
10° (e.g., Fig. 3) are modeled in the directional spectrum.

In general for the environment at Fernandina Beach, with
variations in water levels up to 1 m and tidal currents up to
0.2 m s™', the model predicts variations of significant wave
height of up to 25%. This agrees with average values variations

in observed significant wave height from Table 2, even with the
simple assumption of a uniform incident wave spectrum and
simple shallow-water tidal wave propagation. Overall, the
model confirms that tides will induce changes in the wave field
that will manifest in both lower- and higher-order moments.

5. Discussion

Further work to investigate the impact of wave-tide interac-
tion on wave breaking and dissipation using third-generation
models could be beneficial to understanding the impact of this
phenomena in the broader wave and Earth system. This in-
cludes addressing issues in this simplified model when the
speed of long wave ¢, nears the propagation velocity of surface
waves ¢,, and blocking occurs. This is manifested as a critical
point in the variables and subsequently the model breaks
down. Expanding this work to other locations will help assess
any variability in the surface wave modulation by tides related
to the wave climatology and various tidal conditions. This
work highlights the need for measurements of surface currents
and directional wave spectra at other locations with different
tidal environments. For example, the model is limited to only
using a single tidal phase y or constituent, which may cause is-
sues when applying this in regions with mixed semidiurnal and
diurnal tides. For regions with mixed tides, the reference
frame will need to be chosen carefully for the method that
relies on working in a reference frame where there are no
explicit temporal variations. We have also assumed that the
tide is a shallow-water progressive wave, and further work
should be done to characterize the variability of the phe-
nomena under mixed standing and progressive wave tides,
amplified tides, and other coastal wave complexity. This
may change the formulation of ¢, Further work can incorporate
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observations of tidal variation in wave energy at other locations
to assess variation with different tidal environments.

This work reiterates the importance of careful interpretation
of the reference frame of our observations. It is clear that the
reference frame of the observer plays an important role, as
noted by work on interpreting wave measurements from pro-
pelled platforms like ships and wave gliders and from remote
sensing via satellite and HF radar (Longuet-Higgins 1986;
Ardhuin et al. 2009; Collins et al. 2017). To integrate and
compare multiple varieties of observations and models, especially
with the advent of current-measuring satellites such as Surface
Water and Ocean Topography (SWOT), it will be important to
carefully consider the measurements.

6. Conclusions

In conclusion, this work presents theoretical and numerical
models that help understand how tides can modulate surface
waves. We present observations of significant tidal modula-
tions in wave records from a moored buoy at Fernandina
Beach, which shows strong modulations to the surface wave
field in frequency, magnitude, and direction. Following tidal
currents correspond with an increase in wave height of up to
25%, contrary to the canonical textbook example where waves
steepen on opposing steady homogeneous currents. We describe
the observed modulations through a simplified theoretical frame-
work that models the tide as a progressive shallow-water wave,
effectively treating the problem as a long wave—short wave inter-
action. By working in the reference frame moving with the tidal
wave, we have simplified the problem from a system of partial
differential equations to algebraic equations, which reduces the
computational complexity significantly. The model shows that
when the phase speed of long waves is faster than propagation
velocity of surface waves, steepness can increase on following
tidal currents. Key nondimensional parameters are identified
that characterize the size of tidal modulations in wave parame-
ters. Numerical solutions to this model reproduce the observed
wave modulations due to tidal currents and changes in water
depth at Fernandina Beach.

With the framework developed in this study, we character-
ize the size and sign of tidal modulations in wave parameters.
Surface waves will be amplified by the tide when they propa-
gate in the direction of the tidal currents and when the speed
of the surface waves propagation nears the speed of the tidal
wave. This will be dependent on wave frequency, water depth,
and current magnitude. When the speed of the tidal wave
exceeds the speed of the surface gravity wave propagation,
tidal currents following the direction of surface wave propa-
gation can lead to an increase in surface wave height and
frequency. At Fernandina Beach, where the dominant wave
direction is aligned with the tides, this leads to amplification
of the peak of the spectrum.

This work has demonstrated the ability to understand signifi-
cant tidal variations in wave spectra by treating the interaction
between surface waves and the tide as a long wave—short wave
interaction. This treatment allows us to understand how waves
respond to tidally induced currents and depth variations, impor-
tant for maritime safety and navigation, coastal management
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and adaptation strategies, and accurate nearshore wave fore-
casts, proposing an explanation for the common surfing phe-
nomena known as the tidal push, where incident wave heights
increase during the rising tide. This highlights the importance
of careful interpretation of measurements and models for both
public and scientific application. Future numerical work will
explore the impact of wave breaking, relative wind, and
shorter time-scale variability in wave fields. This framework
will also be used to constrain observed variation in surface
waves due to tides and provide statistical estimates for wave
variations due to tides at other nearshore environments.
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APPENDIX

Comparison with Observations

We express the output in the more-traditional absolute
frequency spectrum E(w, 6) to relate to the omnidirectional
frequency spectrum measured by a moored, stationary wave
buoy. This is calculated via the Jacobian transformation be-
tween frequency and wavenumber as

E(w, 0)d0 dw = E(k, 0)dk d6

= E(k,{)kdk do - (A1)

This is rearranged for the final expression for the directional
absolute frequency spectrum,

Elw,0) = « 2—:) E(x, 0)
= k(c, + U) 'E(x,0)- (A2)

The derivative of absolute frequency with respect to k was
rewritten using the definition in Eq. (5) via
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Last, the omnidirectional spectrum is found by integrating
over all directions for a fixed frequency, which requires
interpolation:

E(w) = rw E(w, 6) do. (A4)

0

It is important to note that the Jacobian transformation from
wavenumber space to spectra in terms of absolute frequency
and direction is not well behaved, because there is a singu-
larity at the blocking point (Tolman and Booij 1998). See
also the discussion on the blocking point in section 5.
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